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Abstract: We show that a previous paper of Freund describing a solution to the Seiberg–
Witten equations has a sign error rendering it a solution to a related but different set of
equations. The non-L2 nature of Freund’s solution is discussed and clarified and we also
construct a whole class of solutions to the Seiberg–Witten equations.
§ 1. Introduction
With the introduction of the Seiberg–Witten equations [1] there come a wealth of results
on four manifold theory and a new improved point of view on Donaldson theory with an
Abelian gauge theory supplanting a non-Abelian one—cf. [2] for a review.
An important vanishing theorem of [1], reminiscent of the Lichernowicz–Weitzenbo¨ck
vanishing theorems, shows that there are no non-trivial solutions to the Seiberg–Witten
equations on four manifolds with non-negative Riemannian scalar curvature. However one
can have non-trivial solutions which are singular in some way—for example one could have
a non-trivial solution which was not L2: in [3] Freund describes such a non-L2 to the
Seiberg–Witten equations on R4. Unfortunately a sign discrepancy in [3] means that the
expressions given there obey equations which differ from the Seiberg–Witten equations in
a certain sign. These other equations also admit L2 solutions as well as non-L2 ones and
so Freund’s equations are fundamentally different from the Seiberg–Witten equations.
In § 2 we describe the Seiberg–Witten equations in a fairly explicit manner so as to
expose notational conventions and matters of signs. In section § 3 we give the details con-
cerning Freund’s work and then in section § 4 we give an L2 solution of Freund’s equations
and a class of solutions to the Seiberg–Witten equations.
§ 2. The Seiberg–Witten equations
If M is an oriented Riemannian four manifold with metric gij then the data we need for
the Seiberg–Witten equations are a U(1) connection Ai on M and a local spinor field M .
If Fij is the curvature of Ai, so that its self-dual part F
+
ij is given by F
+
ij = 1/2(Fij +
(
√
g/2)ǫijklF
kl), then the Seiberg–Witten equations are
F+ij = −
i
2
MΓijM
ΓiDiM = 0
(2.1)
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where Γi are the gamma matrices* satisfying {Γi,Γj} = 2gijI, and Di and Γij are given
by
Di = ∂i + iAi, Γij =
1
2
[Γi,Γj] (2.2)
In [1] Witten also quotes the equations using the two component spinor formalism of L.
Witten and Penrose, cf. [4], where the Gamma matrices make no explicit appearance. In
this spinor form the equations are
FA′B′ = i
2
(
MA′M˜B′ +MB′M˜A′
)
DAA′MA
′
= 0
(2.3)
We now give a short summary of the relevant properties of the spinor formalism that
we need here.
With a Riemannian metric of signature (+,+,+,+) the 4 components of a 4-vector
va ≡ (v0, v1, v2, v3) are represented by a 2× 2 matrix which is denoted by vAA′ and given
by
vAA′ =
1√
2
(
v0 + iv3 iv1 + v2
iv1 − v2 v0 − iv3
)
(2.4)
This expression for vAA′ can be written as a linear combination of what are known as
the Infeld–van der Waerden matrices gaAA′ defined by
g0AA′ =
1√
2
(
1 0
0 1
)
, giAA′ =
i√
2
σi, i = 1, 2, 3 (2.5)
where σi are the usual Pauli matrices so that
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(2.6)
Using the gaAA′ ’s the linear combination mentioned above is given by
vAA′ = va g
a
AA′ (2.7)
and more generally if we have a tensor Ta1a2...an it becomes TA1A′1A2A′2...AnA′n where
TA1A′1A2A′2...AnA′n = Ta1a2...an ga1A1A′1g
a2
A2A′2
· · · ganAnA′n (2.8)
In this formalism spinor indices are raised and lowered with the matrix ǫAB defined by
ǫAB =
(
0 1
−1 0
)
= ǫAB (2.9)
* Our conventions for the Γi are: Γ0 =
(
0 I
I 0
)
, Γi =
(
0 −iσi
iσ
i 0
)
, and Γ5 = −Γ0Γ1Γ2Γ3 where σ
i
are the Pauli matrices.
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For example, for one spinor index, one can write
vA = ǫABvB , vB = v
AǫAB (2.10)
An involution can also be defined on a spinor vA taking it to a spinor v˜A defined by
vA =
(
α
β
)
, v˜A =
(−β¯
α¯
)
(2.11)
where bar means complex conjugate.
Simplification occurs if the tensor is antisymmetric such as the curvature tensor Fij :
in that case one can verify that its spinor version FAA′BB′ is a linear combination of ǫA′B′
and ǫAB . More precisely one finds that
Fij g
i
AA′g
j
BB′ = FAA′BB′ = FABǫA′B′ + FA′B′ǫAB (2.12)
Moreover it also turns out that FA′B′ and FAB are the spinor projections of the self-dual
and anti-self-dual parts of Fij respectively; i.e. one can check that
F+ij g
i
AA′g
j
BB′ = FA′B′ǫAB , F−ij giAA′gjBB′ = FABǫA′B′ (2.13)
Now we return to the Seiberg–Witten equations and carry out the translation from
the conventional to the spinor form. Starting with the Dirac equation we write
M =


α
β
0
0

 ≡

MA
′
0
0

 (2.14)
and then the Dirac equation
ΓiDiM = 0 (2.15)
becomes √
2giAA′DiMA
′
= 0 (2.16)
which we rewrite as
DAA′MA
′
= 0, with DAA′ = 1√
2
(
D0 + iD3 iD1 +D2
iD1 −D2 D0 − iD3
)
(2.17)
which is the desired form. Moving on to the other equation
F+ij = −
i
2
MΓijM (2.18)
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we first display this equation in full as
1
2


0 F01 + F23 F02 − F13 F03 + F12
−F01 − F23 0 F03 + F12 F13 − F02
F13 − F02 −F12 − F03 0 F01 + F23
−F12 − F03 F02 − F13 −F01 − F23 0

 =
1
2


0 β¯α+ α¯β iβ¯α− iα¯β |α|2 − |β|2
−β¯α − α¯β 0 |α|2 − |β|2 −iβ¯α+ iα¯β
−iβ¯α + iα¯β −|α|2 + |β|2 0 β¯α + α¯β
−|α|2 + |β|2 iβ¯α− iα¯β −β¯α − α¯β 0


(2.19)
and then find that
F+ij g
i
AA′g
j
BB′ = −
i
2
MΓijM g
i
AA′g
j
BB′ (2.20)
becomes
FA′B′ǫAB = TA′B′ǫAB (2.21)
i.e.
FA′B′ = TA′B′ (2.22)
where
FA′B′ = 1
2
(
iF01 + iF23 + F13 − F02 −iF12 − iF03
−iF12 − iF03 −iF01 − iF23 + F13 − F02
)
(2.23)
and
TA′B′ = 1
2
(
2iα¯β −i|α|2 + i|β|2
−i|α|2 + i|β|2 −2iαβ¯
)
(2.24)
On can now readily inspect equations 2.19 and 2.22, 2.23, 2.24 and confirm that the con-
ventional and the spinor form of the equations agree.
Also we can compute the matrix of components (i/2)(MA′M˜B′ +MB′M˜A′) and
verify that it is equal to TA′B′ . Doing this we find that, if we start with MA′ = (α, β) and
use 2.10 and 2.11, we obtain
i
2
((MA′M˜B′ +MB′M˜A′) = 1
2
(
2iα¯β −i|α|2 + i|β|2
−i|α|2 + i|β|2 −2iαβ¯
)
= TA′B′ ,
(2.25)
as it should. We now turn to the explicit Fermion and gauge field considered by Freund.
§ 3. Freund’s equations
In [3] Freund chooses
Ai =
1
2r(r − z)


0
−y
x
0

 , and MA′ = 1
2r
√
r(r − z)
(
x− iy
r − z
)
M˜A′ = 1
2r
√
r(r − z)
(−(r − z)
x+ iy
) (3.1)
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for which one readily verifies that
DAA′MA
′
= 0 (3.2)
so that MA′ is indeed a zero mode.
To check the other equation we compute the curvature and find that, if Fij = ∂iAj −
∂jAi, one has
F0i = 0, F12 = − z
2r3
, F13 =
y
2r3
, F23 = − x
2r3
⇒ FA′B′ = 1
4r3
(
y − ix iz
iz y + ix
) (3.3)
On the other hand one also finds that
i
2
(MA′M˜B′ +MB′M˜A′) = 1
4r3
(−y + ix −iz
−iz −y − ix
)
= −FA′B′
so that FA′B′ 6= (i/2)(MA′M˜B′ +MB′M˜A′) and Freund’s equations are
FA′B′ = − i
2
(
MA′M˜B′ +MB′M˜A′
)
DAA′MA
′
= 0
(3.4)
The Seiberg–Witten’s equations are known to admit no non-trivial regular L2 solutions
in flat space (or spaces of positive scalar curvature) so Freund was concerned to point out
that his fields provide an example of a non-trivial solution which is not L2. Unfortunately,
as we have seen, Freund’s fields, though not L2, are not solutions to the Seiberg–Witten
equations.
Since Freund’s fields are static and have a connection with A0 = 0 it is natural to
consider them in R3. We now do this letting A = (A1, A2, A3) be the connection in R
3
and denote its curvature components by F̂ab, a, b = 1..3. We obtain thereby the three
dimensional Freund equations
F̂ab = −ǫabcMσcM, a, b = 1..3
/∂AM = 0, where /∂A = iσ
a(∂a + iAa)
(3.5)
In similar fashion we could also have obtained the three dimensional Seiberg–Witten
equations—cf. [2]—and, as in four dimensions, these differ from Freund’s only in the
sign of the quadratic Fermion term. They are
F̂ab = ǫabcMσ
cM, a, b = 1..3
/∂AM = 0, where /∂A = iσ
a(∂a + iAa)
(3.6)
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There is also a vanishing theorem which does not allow non trivial solutions in flat space so
that there are no regular L2 solutions to the equations 3.6 in R3. However there is no such
restriction on the Freund’s equations 3.5. In the next section we show how to construct
examples of singular non-L2 solutions to the Seiberg–Witten equations and regular solutions
to of Freund’s equations which are L2 in R3.
§ 4. The Freund and Seiberg–Witten equations in three dimensions
First of all we simply note that Freund’s equations 3.5 (or indeed 3.4) admit the following
regular solution which is L2 in R3.
MA′ =
√
12(1+ i~σ · ~r)
(1 + r2)3/2
(
1
0
)
Ai = − 3
(1 + r2)2

 2xz − 2y2yz + 2x
1− r2 + 2z2

 (4.1)
as may be checked easily.
Finally we would like to display some (necessarily singular) solutions to the three
dimensional Seiberg–Witten equations 3.6; they will also of course be solutions of the full
Seiberg–Witten equations 2.1 or 2.3. In fact we construct a whole class of such solutions
parametrised by an arbitrary holomorphic function.
First we need some facts about the Dirac equation in 3.6. A spinor M that obeys the
Dirac equation /∂AM = 0 of 3.6 must obey the condition
∂aΣ
a = 0, where Σa =MσaM (4.2)
The connection Ai in the Dirac equation can be expressed in terms of the zero mode M
by writing [5]
Ai = − 1√
ΣaΣa
(
1
2
ǫijk∂jΣk + ImM∂iM
)
= −1
2
ǫijk
(
∂j ln
√
ΣaΣa
)
Nk − 1
2
ǫijk∂jNk − ImM̂∂iM̂
where Na =
Σa√
ΣbΣb
, and M̂ =
M√
MM
(4.3)
Now, if χ is the complex variable
χ =
x+ iy
r2
(4.4)
and G ≡ G(χ, χ¯) is a function of χ and χ¯, we obtain a new class of zero modes MG where
MG = eG/2M0
and M0 =
1
r3
(
z
x+ iy
)
(4.5)
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The corresponding connection AGi is found using formula 4.3 and is given by
AGi = −
1
2
ǫijk∂jGNk (4.6)
We note that the spinor M0 is singular and non-L2. For doing calculations it is also useful
to note that M0 is a solution of the free Dirac equation
/∂M0 = 0 (4.7)
and that the spin density for MG satisfies
MGσaMG = eGM0σaM0
where M0σaM0 =
Na
r4
=
1
2i
(∂χ¯)× (∂χ)
(4.8)
The corresponding curvature F̂Gij is
F̂Gij = −
ǫijk
2
[G,χ(χ,klNl + χ,kNl,l − χ,llNk − χ,lNk,l)+
G,χ¯(χ¯,klNl + χ¯,kNl,l − χ¯,llNk − χ¯,lNk,l)−
(G,χχχ,lχ,l +G,χ¯χ¯χ¯,lχ¯,l + 2G,χχ¯χ,lχ¯,l)Nk]
(4.9)
After some tedious algebra we find that only the coefficient of G,χχ¯ is non-zero and that
χ,kχ¯,k =
2
r4
(4.10)
and hence
F̂Gij =
2ǫijk
r4
G,χχ¯Nk (4.11)
But to have a solution of the Seiberg–Witten equations we must require that
F̂Gij = ǫijkM
GσkMG (4.12)
and this means that
2
r4
G,χχ¯Nk =MGσ
kMG
⇒ G,χχ¯ = 1
2
eG
(4.13)
as may be easily checked. But this equation for G is nothing other than the Liouville
equation in the “target space coordinate” χ with the “wrong” sign; that is to say that the
sign leads to the general singular solution
G =
|f ′(χ)|2
(1− f f¯)2 (4.14)
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where f is an arbitrary holomorphic function of χ.
Hence any pair (MG, AGi ) with G given by 4.14 is a solution the Seiberg–Witten equa-
tions 3.6. In fact, these solutions resemble the two-dimensional solutions of the Seiberg–
Witten equations that were discussed in [6]. Their solutions emerged as solutions to the
same Liouville equation 4.14, however the coordinate space variable x+ = x + iy appears
rather than the target space variable χ used here.
Finally we want to briefly describe the geometry of the spin density term MσaM . It
is clearly rotationally symmetric around the z axis and the integral curves of M0σaM0 are
circles that touch the z axis at the point z = 0. If we restrict to the x − z plane, then
these integral curves are the field lines of a dipole in two dimensions, and the vector field
M0σaM0 restricted to that plane is a scalar function times the field of a dipole in two
dimensions.
Acknowledgment: BM gratefully acknowledges financial support from the Training and
Mobility of Researchers scheme (TMR no. ERBFMBICT983476).
References
1. Witten E., Monopoles and four-manifolds, Math. Res. Lett., 1, 769–796, (1994).
2. Donaldson S. K., The Seiberg–Witten equations and 4-manifold topology, Bull. Amer.
Math. Soc., 33, 45–70, (1996).
3. Freund P. G. O., Dirac monopoles and the Seiberg–Witten monopole equations, J.
Math. Phys., 36, 2673–2674, (1995).
4. Penrose R. and Rindler W., Spinors and Space-time vol. 1, Cambridge University
Press, (1984).
5. Loss M. and Yau H., Stability of Coulomb systems with magnetic fields III. Zero energy
bound states of the Pauli operator, Commun. Math. Phys., 104, 283–290, (1986).
6. Nergiz S. and Sacioglu J., Liouville vortex and φ4 kink solutions of the Seiberg–Witten
equations, J. Math. Phys., 37, 3753–3759, (1996).
8
